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1. Introduction
The “Fermat–Torricelli” problem is to ﬁnd the (unique) point that minimizes the sum of distances from three given points
in R2.
The weighted Fermat–Torricelli (w.F-T) problem of a plane triangle and the inverse w.F-T problem in the plane have been
studied and established. Concerning a detailed exposition to the problem, we refer to Chapter II of [6] and [15]. The history
of the w.F-T problem is very nicely summarized in [7], as well as the inverse problem introduced.
In this paper, we provide a method to ﬁnd the w.F-T point P F of a given geodesic triangle ∇ABC which consists of three
unique geodesic arcs AB , BC , AC, on a surface with positive weights wA , wB , wC that correspond to each vertex A, B , C ,
respectively. By following the known process [8,6], we study:
(I) The existence and uniqueness of the w.F-T point P F for three given non-collinear points on a C2 complete (we mean
geodesically complete) surface M (Proposition 1, Section 2).
The solutions that we found here (the case of a C2 complete surface) for the w.F-T problem and the inverse w.F-T
problem regarding the particular case of the two-dimensional sphere and the two-dimensional hyperbolic plane coincide
with the ones derived (with another method) in [14] (Corollary 2, Section 2).
Furthermore, we study in Section 3 the inverse w.F-T problem for the case of a C2 complete surface which states: Given
the w.F-T point P F of a geodesic triangle with the vertices lying on three prescribed geodesic arcs that meet at P F , ﬁnd the
three non-negative weights such that the sum of these three non-negative weights is a constant number (Proposition 5).
A complete characterization of the w.F-T point is given for two mutually exclusive cases: (i) the w.F-T point is an interior
point of ∇ABC (see Floating Case, Propositions 2 and 6, Fig. 1) and (ii) the w.F-T point is one of the vertices A, or B , or C
(Absorbed Case, Propositions 3, 4 and 7) in Sections 2 and 3.
(II) The existence and uniqueness of the w.F-T point on an Aleksandrov space of curvature bounded above by a real
number K (CAT(K) space) (Section 4).
Finally, for the reader, we give the necessary deﬁnitions and results in Appendix A.
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2. The weighted Fermat–Torricelli (w.F-T) problem on a C2 complete surface
Problem 1. Let ∇ABC be a geodesic triangle on a surface M . Suppose that a positive number (weight) wA , wB , wC corre-
sponds to the vertices A, B and C , respectively. Find the w.F-T point P F which minimizes the objective function:
f (P F ) = wAlA(P F ) + wBlB(P F ) + wClC (P F ), (2.1)
where lA(P F ) ≡ lA , lB(P F ) ≡ lB , lC (P F ) ≡ lC are the geodesic distances from the vertices A, B , C to the w.F-T point P F ,
respectively.
If K is the variable Gaussian curvature of the surface M , then we consider the following three cases:
(1) For K = 0, all the following results are known.
(2) For K < 0, there is no limitation regarding the injectivity radius ri of M (see Appendix A.1).
(3) For K > K0 > 0, where K0 is a real positive number, the injectivity radius ri of M is bounded below by
π√
K0
(see
Appendix A.1), the perimeter of ∇ABC is not greater than 2 π√
K0
and ∇ABC lies inside a geodesic circle of radius
R < riπ 
1√
K0
.
Proposition 1. The w.F-T point P F of the triangle ∇ABC exists and is unique.
Proof. Existence: Let Ω be a compact subset of R3, ∇ABC ⊂ Ω, and f : Ω → R is continuous. Then f attains its minimum
on Ω .
We would like to mention that this proof also corrects and simpliﬁes the proof in [14] of the existence of the w.F-T point
for spherical, hyperbolic and plane triangles (a correction suggested in MR2389002 (2008m:51045)).
Uniqueness: If f is strictly convex, then f has at most one minimum point on Ω (Corollary 7.4 in [13, p. 91], [10, p. 263]).
We show that the objective function f (P F ) is strictly convex, in order to derive the uniqueness of the point P F ∈ ∇ABC,
by using the following deﬁnition:
Deﬁnition 1. (See [13, p. 60].) Let Ω be a totally convex set in M and f : Ω → R be a real-valued function. If f (γxy(t)) <
(1− t) f (x) + t f (y), for every x, y ∈ Ω, x 	= y, γxy a unique geodesic joining x and y and t ∈ (0,1), then the function f is
called strictly convex.
We recall that a subset Ω of M is by deﬁnition a totally convex set if and only if every geodesic joining any two points
in Ω is lying entirely in Ω.
Let P ′F 	= P F in ∇ABC , such that:
f
(
P ′F
)= wAlA(P ′F )+ wBlB(P ′F )+ wClC (P ′F )= wAl′A + wBl′B + wCl′C . (2.2)
We choose t0 ∈ (0,1), and we denote D = γP F A(t0), E = γP F P ′F (t0), G = γAP ′F (t0) and lP F (P ′F ) = lp (see Figs. 2, 3, according
to the Gaussian curvature of M that we explain in Appendix A.1).
We consider the equation:
f (E) = wAlA(E) + wBlB(E) + wClC (E) = wAl◦A + wBl◦B + wCl◦C . (2.3)
By replacing (2.1), (2.2), (2.3) in the deﬁnition of a strictly convex function on Ω, we have an equivalent condition, such
that the objective function is strictly convex:
0< wA
[
(1− t0)lA + t0l′A − l◦A
]+ wB[(1− t0)lB + t0l′B − l◦B]+ wC [(1− t0)lC + t0l′C − l◦C ]. (2.4)
We consider the following ﬁve cases:
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(1) The points P F , P ′F are interior points of ∇ABC .
(2) The points P F , P ′F are vertices of ∇ABC . For instance, let P F = B and P ′F = C .
(3) One of the points P F , P ′F is an interior point and the other one is a vertex of ∇ABC . For instance, let P F be an interior
point of ∇ABC and P ′F be a vertex (and let P ′F = C be that vertex).
(4) One of the points P F , P ′F is an interior point and the other one belongs to one of the geodesic arcs γAB , or γBC , or γC A
of ∇ABC . For instance, let P F be an interior point of ∇ABC and let P ′F belong to a geodesic arc (and let P ′F ∈ γBC ).
(5) One of the points P F , P ′F is a vertex of ∇ABC and the other one belongs to one of the geodesic arcs γAB , or γBC ,
or γC A of ∇ABC . For instance, let P F be a vertex of ∇ABC (let P F = B) and let P ′F belong to a geodesic arc (and let
P ′F ∈ γBC ).
Case (1): We need to prove that:
(1− t0)lQ + t0l′Q − l◦Q > 0, (2.5)
for every Q ∈ {A, B,C}.
Let Q = A, then according to [11, p. 185], let ∇APFP ′F be a triangle in R2 (see Fig. 4), a comparison triangle (Ap-
pendix A.1) of the triangle ∇AP F P ′F , having the same side lengths:
lA(P F ) = lA(PF ) = lA,
lA
(
P ′F
)= lA(P ′F )= l′A,
lP F
(
P ′F
)= lPF (P ′F )= lP . (2.6)
We denote E = γPF P ′F (t0), D = γPF A(t0), G = γAP ′F (t0), for t0 ∈ (0,1).
Concerning the Gaussian curvature K of M (Appendix A.1, Figs. 2, 3, 4) we have lA(E)  lA(E) or lA(E)  lA(E). We
denote lA(E) = l◦A.
(i) Suppose that l◦A  l◦A is valid. Then, taking into consideration (2.6), (2.5) is valid:
(1− t0)lA + t0l′A − l◦A  (1− t0)lA + t0l′A − l◦A > 0.
We show that the last inequality is satisﬁed in R2.
We need to apply the converse of the well known Thales theorem (known under this name in French geometry text-
books) which states that: If OMN is a triangle, M ′ a point on ray −−−→OM , N ′ a point on −−→ON , such that OM/OM ′ = ON/ON ′ ,
then MN and M ′N ′ must be parallel.
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1− t0 =
t0lA
(1− t0)lA =
t0lP
(1− t0)lP ,
or
lD(PF )
lA(D)
= lE (PF )
lP ′F (E)
,
and
t0
1− t0 =
t0l′A
(1− t0)l′A
= t0lP
(1− t0)lP ,
or
lA(G)
lG(P ′F )
= lPF (E)
lE (P ′F )
,
and by applying the converse of Thales theorem in ∇APFP ′F , we have that DE is parallel to AG and AD is parallel to GE,
respectively.
Therefore, we obtain that ADEG is a parallelogram and by applying the triangle inequality in ∇ADE or ∇AGE, we get:
(1− t0)lA + t0l′A − l◦A = lA(D) + lD(E) − lA(E) > 0.
(ii) Suppose that l◦A  l◦A is valid. Then, there is a point H that belongs to the line deﬁned by AE (see Fig. 4) such that:
l◦A = lA(H).
Furthermore, there is a point I such that: lA(I) = (1− t0)lA + t0l′A and lA(I) > lA(H).
Therefore, from (2.6), we get:
(1− t0)lA + t0l′A − l◦A = (1− t0)lA + t0l′A − lA(H) = lH(I) > 0
and the strict convexity of f (E) is proved.
Case (2): (2.4) takes the form:
wA
[
(1− t0)lA(B) + t0lA(C) − lA(E)
]+ wB[(1− t0)lB(B) + t0lB(C) − lB(E)]
+ wC
[
(1− t0)lC (B) + t0lC (C) − lC (E)
]
> 0
or
(1− t0)lA(B) + t0lA(C) − lA(E) > 0. (2.7)
By taking a comparison triangle of ∇ABC in R2 and by following the previous process, we derive the desired inequality.
Case (3): (2.4) takes the form:
wA
[
(1− t0)lA(P F ) + t0lA(C) − lA(E)
]+ wB[(1− t0)lB(P F ) + t0lB(C) − lB(E)]
+ wC
[
(1− t0)lC (P F ) + t0lC (C) − lC (E)
]
> 0
or
wA
[
(1− t0)lA(P F ) + t0lA(C) − lA(E)
]+ wB[(1− t0)lB(P F ) + t0lB(C) − lB(E)]> 0. (2.8)
From (2.5) and by following a similar process with respect to the comparison triangles of the triangles ∇AP F C, ∇BP F C,
we obtain (2.8).
Case (4): (2.4) takes the form:
wA
[
(1− t0)lA(P F ) + t0lA
(
P ′F
)− lA(E)]+ wB[(1− t0)lB(P F ) + t0lB(P ′F )− lB(E)]
+ wC
[
(1− t0)lC (P F ) + t0lC
(
P ′F
)− lC (E)]> 0.
From (2.5) and by following a similar process with respect to the comparison triangles of the triangles ∇AP F P ′F , ∇BP F P ′F
and ∇C P F P ′ we obtain (2.8).F
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Case (5): (2.4) takes the form:
wA
[
(1− t0)lA(B) + t0lA
(
P ′F
)− lA(E)]+ wB[(1− t0)lB(B) + t0lB(P ′F )− lB(E)]
+ wC
[
(1− t0)lC (B) + t0lC
(
P ′F
)− lC (E)]> 0
or
wA
[
(1− t0)lA(B) + t0lA
(
P ′F
)− lA(E)]+ wC [(1− t0)lC (B) + t0lC (P ′F )− lB(C) + lB(E)]> 0
or
wA
[
(1− t0)lA(B) + t0lA
(
P ′F
)− lA(E)]+ wC [−t0(lC (P ′F )+ lB(P ′F ))+ t0lC (P ′F )+ lB(E)]> 0
or
wA
[
(1− t0)lA(B) + t0lA
(
P ′F
)− lA(E)]> 0.
From (2.5) and by following a similar process with respect to the comparison triangle of the triangle ∇ABP ′F , we ob-
tain (2.8). 
From the assumption that the surface M is C2, we prove Propositions 2 and 3.
We denote by ϕQ the angle between the geodesic arcs γRP F and γS P F for Q , R, S ∈ {A, B,C} and Q 	= R 	= S (Fig. 1).
Proposition 2. If the w.F-T point P F is an interior point of the triangle ∇ABC (see Fig. 1), then each angle ϕQ , Q ∈ {A, B,C} can be
expressed as a function of wA, wB and wC :
cosϕQ =
w2Q − w2R − w2S
2wRwS
, (2.9)
for every Q , R, S ∈ {A, B,C}, Q 	= R 	= S.
In the case K = 0, (2.9) appears in [7, (4), p. 447].
Proof. We suppose that the point Q , the parameterized curve c(s) and the point P F that belongs to c(s) are given in
the neighborhood WPF (see Fig. 5). We join the two points Q and P F by the geodesic γQ (s, t) = γQ P F (t) where t is a
canonical parameter, counting from the point Q such that for t = 0, γQ P F (0) = Q and for t = 1, γQ P F (1) = P F . The function
lQ (P F ) = lQ (γQ P F (t)) = lQ (γQ (s, t)) = lQ (s) is differentiable with respect to s. We denote by ϕc(s) the angle between dcds
and dγQds at the point P F (see Fig. 5). We have (Lemma 3.5.1 and Remark 3.5.1 in [11]) that:
dlQ (s)
ds
= cos(ϕc(s)). (2.10)
If Q = A then we have the geodesic γA(s, t) that connects the points A and P F and the curve c(s) is a curve that passes
through B or C .
Therefore, we have:
dlA(s)
ds
= cos(ϕC (s)) (2.11)
where c(s) counts from the point B to P F , and
dlA(s)
ds
= cos(ϕB(s)) (2.12)
where c(s) counts from the point C to P F .
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Therefore, we have:
dlB(s)
ds
= cos(ϕC (s)) (2.13)
where c(s) counts from the point A to P F , and
dlB(s)
ds
= cos(ϕA(s)) (2.14)
where c(s) counts from the point C to P F .
If Q = C then we have the geodesic γC (s, t) that connects the points C and P F and the curve c(s) is a curve that passes
through A or B.
Therefore, we have:
dlC (s)
ds
= cos(ϕB(s)) (2.15)
where c(s) counts from the point A to P F , and
dlC (s)
ds
= cos(ϕA(s)) (2.16)
where c(s) counts from the point B to P F .
Because t is a canonical parameter, we choose the parametrization:
lA(s) =
s∫
0
∥∥∥∥dγAP F (t)dt
∥∥∥∥dt =
s∫
0
∥∥∥∥dγA(s, t)dt
∥∥∥∥dt = s,
that is
lA(s) = lA = s. (2.17)
We assume that the geodesic distances lB , lC can be expressed as functions of lA :
lB = lB(lA), lC = lC (lA). (2.18)
From (2.18) and (2.1) the following equation is obtained:
wAlA + wBlB(lA) + wClC (lA) = minimum. (2.19)
By differentiation of (2.19) with respect to the variable lA and taking into account (2.17), we get
wA + wB dlB
dlA
+ wC dlC
dlA
= 0. (2.20)
We take (2.13) because the arc length parameter counts from A to P F and from (2.17), we get:
dlB
dlA
= cos(ϕC (s)). (2.21)
We take (2.15) because the arc length parameter counts from A to P F and from (2.17), we get:
dlC
dlA
= cos(ϕB(s)). (2.22)
By replacing (2.21), (2.22) and (2.17) in (2.20), we obtain:
wA + wB cos
(
ϕC (lA)
)+ wC cos(ϕB(lA))= 0. (2.23)
Similarly, by working cyclically we choose the parametrization lB(s′) =
∫ s′
0 ‖ dγB (s
′,t)
dt ‖dt = s′ and lC (s′′) =
∫ s′′
0 ‖ dγC (s
′′,t)
dt ‖dt =
s′′. By differentiating (2.1) with respect to lB , for s′ = lB and lC , for s′′ = lC , we get correspondingly:
wA cos
(
ϕC (lB)
)+ wB + wC cos(ϕA(lB))= 0, (2.24)
wA cos
(
ϕB(lC )
)+ wB cos(ϕA(lC ))+ wC = 0. (2.25)
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ϕQ (lQ ) = ϕQ (lR) = ϕQ (lS) = ϕQ ,
and the solution of the linear system of (2.23), (2.24) and (2.25) is:
cosϕQ =
w2Q − w2R − w2S
2wRwS
,
for Q , R, S ∈ {A, B,C}, Q 	= R 	= S. 
The following deﬁnitions are given in [5, p. 2]. If K denotes the constant Gaussian curvature of a surface M , then M is
called the K -plane.
If K < 0, the K -plane is a Lobachevski (hyperbolic) plane H2.
If K = 0, the K -plane is an Euclidean plane R2.
If K > 0, the K -plane is an open hemisphere S2 of radius 1√
K
.
Corollary 1. If the w.F-T point P F is an interior point of the triangle ∇ABC in the K-plane (for the case K = 0 see Corollary 2), then
each angle ϕQ , Q ∈ {A, B,C} can be expressed as a function of wA, wB and wC , given by (2.9).
Proof. The length of the geodesic arcs lB , lC can be expressed as functions of lA and 	 B AP F , by applying the “cosine law”
in the triangles ∇ABP F , ∇AC P F , respectively in the K -plane. The “cosine law” in ∇ABP F can be written in a uniﬁed form
(see [5, p. 4]):
cos(κlB) = cos
(
κlA(B)
)
cos(κlA) + sin
(
κlA(B)
)
sin(κlA) cos(	 B AP F ) (2.26)
or
cos(	 B AP F ) = cos(κlB) − cos(κlA(B)) cos(κlA)
sin(κlA(B)) sin(κlA)
(2.27)
where
κ =
{√
K if K > 0,
i
√−K if K < 0.
By differentiating (2.1) with respect to lA , we need to calculate (
∂lB
∂lA
), ( ∂lC
∂lA
):
wA + wB ∂lB
∂lA
+ wC ∂lC
∂lA
= 0. (2.28)
We differentiate (2.26) with respect to lA (in order to obtain (
∂lB
∂lA
)) and we replace (2.27) in the derived equation:
∂lB
∂lA
= cos(κlA(B)) − cos(κlA) cos(κlB)
sin(κlA) sin(κlB)
. (2.29)
We consider the “cosine law” in ∇ABP F :
cos
(
κlA(B)
)= cos(κlA) cos(κlB) + sin(κlA) sin(κlB) cosϕC
or
cos(κlA(B)) − cos(κlA) cos(κlB)
sin(κlA) sin(κlB)
= cosϕC . (2.30)
From (2.29) and (2.30), we have:
∂lB
∂lA
= cosϕC . (2.31)
Similarly, we calculate ( ∂lC
∂lA
) by taking into consideration the “cosine law” with respect to the triangle ∇AP F C and by
differentiating the relation
cos(κlC ) = cos
(
κlA(C)
)
cos(κlA) + sin
(
κlA(C)
)
sin(κlA) cos(	 C AP F ),
with respect to lA, we get:
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∂lA
= cosϕB . (2.32)
By replacing (2.31), (2.32) in (2.28), we get:
wA + wB cosϕC + wC cosϕB = 0.
Similarly, we can express lA, lC as a function of lB and 	 ABP F and we can express lA, lB as a function of lC and 	 AC P F ,
we derive two equations, respectively:
wA cosϕC + wB + wC cosϕA = 0,
wA cosϕB + wB cosϕA + wC = 0.
By deriving the last three equations, we obtain (2.9). 
Corollary 2. (See [14].) If the w.F-T point P F is an interior point of the triangle ∇ABC in the K-plane for K ∈ {−1,1,0}, then each
angle ϕQ , Q ∈ {A, B,C} can be expressed as a function of wA, wB and wC , given by (2.9).
Proof. For K = 0, there are a lot of proofs. We will give another one.
The line segments lB , lC can be expressed as functions of lA and 	 B AP F , by applying the “cosine law” in the triangles
∇ABP F , ∇AC P F , respectively on the two dimensional Euclidean space. The “cosine law” in ∇ABP F in R2 is given by the
formula:
l2B = lA(B)2 + l2A − 2lA(B)lA cos(	 B AP F ) (2.33)
or
cos(	 B AP F ) = lA(B)
2 + l2A − l2B
2lAlA(B)
. (2.34)
By differentiating (2.1) with respect to lA , we need to calculate (
∂lB
∂lA
), ( ∂lC
∂lA
):
wA + wB ∂lB
∂lA
+ wC ∂lC
∂lA
= 0. (2.35)
We differentiate (2.33) with respect to lA , in order to obtain (
∂lB
∂lA
) and we replace (2.34) in the derived equation:
∂lB
∂lA
= lA − lA(B) cos(	 B AP F )
lB
or
∂lB
∂lA
= l
2
A + l2B − lA(B)2
2lAlB
. (2.36)
The “cosine law” in ∇ABP F is also given by the formula:
cosϕC = l
2
A + l2B − lA(B)2
2lAlB
. (2.37)
From (2.36) and (2.37) we have:
∂lB
∂lA
= cosϕC . (2.38)
Similarly, we calculate ( ∂lC
∂lA
) by differentiating lC with respect to lA and by taking into consideration the corresponding
“cosine law” with respect to the triangle ∇AP F C, we get:
∂lC
∂lA
= cosϕB . (2.39)
By replacing (2.38), (2.39) in (2.35), we get:
wA + wB cosϕC + wC cosϕB = 0.
By following a similar process that was used in the proof of Corollary 1, we obtain (2.9). 
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Proposition 3. The following two conditions are equivalent:
(I) There exists an index Q such that wQ  wR + wS , for Q , R, S ∈ {A, B,C}, Q 	= R 	= S.
(II) P F = Q .
Proof. (I) → (II) Suppose that there exists an index Q = A and P F is any point in ∇ABC, such that wA  wB + wC . From
this inequality, we have:
f (P F ) = wAlA(P F ) + wBlB(P F ) + wClC (P F ) (wB + wC )lA(P F ) + wBlB(P F ) + wClC (P F )
= wB
(
lA(P F ) + lB(P F )
)+ wC (lA(P F ) + lC (P F )) wBlA(B) + wClA(C) = f (A),
and A = P F .
(II) → (I) Since all the arguments above are reversible, the proof of the converse goes on the same lines in the opposite
direction. 
Proposition 4. If P F belongs to one of the geodesic arcs γAB , or γBC or γC A, then P F ∈ {A, B,C}.
Proof. Let P F belong to the geodesic arc γBC , then ϕA = π and from (2.9), we obtain wB = wA + wC , for wB > wC and
wC = wA +wB , for wC > wB . From Proposition 3, we derive that P F = B, for wB = wA +wC or P F = C for wC = wA +wB .
For wB = wC , P F cannot lie on the geodesic arc γBC , otherwise, from (2.9) we get wA = 0, which is a contradiction
(see statement of Problem 1, wA > 0).
Similarly, if P F belongs to the geodesic arc γAC , for wA > wC , by following the previous process, we obtain P F = A and
for wA < wC , we obtain P F = C .
Similarly, if P F belongs to the geodesic arc γAB , for wA > wB , we obtain P F = A and for wA < wB , we obtain
P F = B. 
3. The inverse weighted Fermat–Torricelli problem
We denote by ϕQ the angle between the geodesic arcs γRP F and γS P F for Q , R, S ∈ {A, B,C} and Q 	= R 	= S.
Problem 2. Given the w.F-T point P F to be an interior point of the geodesic triangle ∇ABC with the vertices lying on three
prescribed geodesic arcs that meet at P F , ﬁnd the positive real weights wQ , Q ∈ {A, B,C}, such that
wA + wB + wC = Constant. (3.1)
This is the inverse w.F-T problem on M .
Proposition 5. Given the w.F-T point P F to be an interior point of the geodesic triangle ∇ABC with the vertices lying on three
prescribed geodesic arcs that meet at P F and from the given values of ϕQ , ϕR , ϕS , the positive real weights wQ given by the formula
wQ = Constant
1+ sinϕRsinϕQ +
sinϕS
sinϕQ
, (3.2)
solve the inverse weighted Fermat–Torricelli problem for Q , R, S ∈ {A, B,C} and Q 	= R 	= S.
Proof. We solve the linear system of (2.23) and (2.24) with respect to wA and wB :
wA = wC −cosϕB + cosϕA cosϕC
sin2 ϕC
, (3.3)
wB = wC −cosϕA + cosϕB cosϕC
sin2 ϕC
. (3.4)
We take into account the following formula which is valid at any point on M since a unique tangential plane is deﬁned:
ϕA + ϕB + ϕC = 2π, (3.5)
or
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cosϕB = cos(ϕA + ϕC ) (3.6)
or
sinϕB sinϕC = −cosϕA + cosϕB cosϕC ,
sinϕA sinϕC = −cosϕB + cosϕA cosϕC , (3.7)
respectively. By replacing (3.7) in (3.3) and (3.4), we get:
wA
sinϕA
= wB
sinϕB
= wC
sinϕC
. (3.8)
The ratios wQwR , Q , R ∈ {A, B,C} are obtained from (3.8) and by replacing them in (3.1), we derive (3.2). 
Corollary 3. Concerning the geodesic triangle ∇ABC on M, there are three common equations in a complex form that provide the
location of the w.F-T point:
wA + wBeiϕC + wCe−iϕB = 0,
wAe
iϕC + wB + wCe−iϕA = 0,
wAe
iϕB + wBe−iϕA + wC = 0.
Proof. From (2.9) and (3.8), we derive the three desired relations. 
Proposition 6 (Floating Case). If P , Q ∈ {A, B,C} and UP Q is the unit tangent vector of the geodesic arc P Q at P and D is the domain
of M bounded by ∇ABC, then the following (I), (II), (III) conditions are equivalent:
(I) All the following inequalities are satisﬁed simultaneously:
‖wB U AB + wC U AC‖ > wA, (3.9)
‖wA UBA + wC UBC‖ > wB , (3.10)
‖wA UC A + wB UCB‖ > wC . (3.11)
(II) The point P F is an interior point of the triangle ∇ABC and does not belong to the geodesic arcs γAB , γBC and γC A .
(III) UPF A + UPF B + UPF C = 0.
Proof. (II) → (I) Assuming that P F is an interior point of ∇ABC and does not belong to the geodesic arcs γAB , γBC and γC A ,
we show:
‖wR UQ R + wS UQ S‖ > wQ ,
for Q , R, S ∈ {A, B,C}, Q 	= R 	= S.
By squaring both parts of the above inequality, we have:
‖wR UQ R + wS UQ S‖2 > w2Q
or
w2R + w2S + 2wRwS cos(	 Q ) > w2Q .
From (2.9), we obtain:
cos(	 Q ) >
w2Q − w2R − w2S
2wRwS
= cosϕQ
or
ϕQ > 	 Q ,
for every Q ∈ {A, B,C}. By adding these inequalities for Q ∈ {A, B,C}, we have:
2π = ϕA + ϕB + ϕC > 	 A + 	 B + 	 C . (3.12)
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Corollary 3.7.1, p. 182]), we have:
	 A + 	 B + 	 C = π +
∫∫
D
KdS. (3.13)
From (3.12) and (3.13), we obtain:
π >
∫∫
D
KdS.
The last inequality is always valid for K < 0.
Also, if K > 0, we take into account that K > K0 (see Appendix A.1). We have:
π >
∫∫
D
KdS > K0SD
or
π R20 =
π
K0
> SD , (3.14)
where SD is the area of the domain D , R0 = 1√K0 .
We proceed by proving (3.14).
Since A, B , C are inside a geodesic circle of radius R < 1√
K0
, with length lR , we have:
2
π√
K0
> lR > lA(B) + lB(C) + lC (A).
By applying A.D. Aleksandrov’s inequality π R2 > SR (see [3, p. 54, Case 2]), we obtain:
π R20 > π R
2 > SR > SD ,
where SR is the area of the circle of radius R on M that contains SD and π R2 is the area of the circle (spherical cap) of
the same radius R on the sphere of radius R0 = 1√K0 , which gives (3.14).
(I) → (II) It suﬃces to show that the negation of (II) implies the negation of (I). Let P F is the vertex A or P F belong to
one of the geodesic arcs, for instance γBC . By applying Proposition 4, we obtain P F = B or P F = C . Thus, the negation of
(II) states that: P F = A, or P F = B, or P F = C .
Let P F = A. We show that:
‖wB U AB + wC U AC‖ wA .
From Proposition 3, we have wA  wB + wC .
Suppose that:
‖wB U AB + wC U AC‖ > wA
or
‖wB U AB + wC U AC‖2 > w2A
or
cos 	 A >
w2A − w2B − w2C
2wBwC

(wB + wC )2 − w2B − w2C
2wBwC
or
cos 	 A > 1,
which is not valid.
Similarly, for P F = B, we get:
‖wA UBA + wC UBC‖ wB
and for P F = C, we get:
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(II) → (III) We show that UPF A + UPF B + UPF C = 0.
The unit vector UPF Q corresponds to the unit tangent vector of the geodesic arc γP F Q , at P F , which belongs to the
tangent plane T P F (M), for Q ∈ {A, B,C}. From the deﬁnition of the exponential mapping (see Appendix A.1), we get:
UPF Q = (φ	)−1P F
(exp−1P F (Q )
lP F (Q )
)
, (3.15)
for Q ∈ {A, B,C}. We denote expP F (0) = P F and we deﬁne the coordinates of UPF A in R2 to be (1,0) =
exp−1P F (A)
lP F (A)
. Therefore,
we derive that the coordinates of UPF B and UPF C (by deﬁning a rotation in R2) are (cos(ϕC ), sin(ϕC )) =
exp−1P F (B)
lP F (B)
and
(cos(ϕB),− sin(ϕB)) = exp
−1
P F
(C)
lP F (C)
.
From (2.23) and (3.8), we have:
wA + wB cosϕC + wC cosϕB = 0
and
wB sinϕC − wC sinϕB = 0.
We proceed by calculating the following formula (Appendix A.1, relation (A.1)):
wA UPF A + wB UPF B + wC UPF C
= wA
(
φ−1	
)
P F
(1,0) + wB
(
φ−1	
)
P F
(cosϕC , sinϕC ) + wC
(
φ−1	
)
P F
(cosϕB ,−sinϕB)
= (φ−1	 )P F (wA + wB cosϕC + wC cosϕB ,wB sinϕC − wC sinϕB) =
(
φ−1	
)
P F
(0,0) = 0.
(III) → (II) We assume the negation of (II) and we show the negation of (III). If P F ∈ {A, B,C}, we obtain:
UPF Q + UPF R 	= 0,
for Q , R ∈ {A, B,C}, Q , R 	= P F and Q 	= R.
If P F belongs to one of the geodesic arcs, for instance γBC , we have that
wA UPF A + wB UPF B + wC UPF C = wA UPF A + (wB − wC ) UPF B 	= 0. 
Proposition 7 (Absorbed Case). The following (I), (II) conditions are equivalent.
(I) One of the following inequalities is satisﬁed:
‖wB U AB + wC U AC‖ wA, (3.16)
or
‖wA UBA + wC UBC‖ wB , (3.17)
or
‖wA UC A + wB UCB‖ wC . (3.18)
(II) The point P F is attained at A or B or C, respectively.
Proof. The negation of condition (I) of Proposition 6 implies the negation of condition (II) of Proposition 6 (P F ∈ {A, B,C}),
since (I) and (II) are equivalent conditions of Proposition 6. 
Corollary 4. If w A = wB = wC = 1 and A or B or C = 120◦ −
 the w.F-T point P F is an interior point of the geodesic triangle∇ABC.
Proof. It is a direct consequence of Proposition 6. 
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A metric space (M,ρ) is a space of curvature K in the sense of A.D. Aleksandrov, if each point of M is contained in
some neighborhood which is an RK (CAT(K) space) domain (see [5], Chapter XIII of [2], [1, pp. 153–156]), which is very
useful for applications because it contains convex polyhedra.
Problem 3. Let ∇ABC be a triangle in an RK domain. Suppose that a positive numbers (weight) wA , wB , wC correspond
to the vertices A, B and C , respectively. Find the w.F-T point P F which minimizes the objective function
f (P F ) = wAlA + wBlB + wClC , (4.1)
where lA , lB , lC are the lengths of the shortest arcs from the w.F-T point P F to the vertices A, B , C , respectively.
Proposition 8. The w.F-T point P F of the triangle ∇ABC exists and is unique.
Proof. Existence: We assume that there is a point A in RK which is contained in a neighborhood WA that is homeomorphic
to a disk in the K-plane (see Appendix A.2).
Let Ω be a compact subset of WA and ∇ABC ⊂ Ω , then f : Ω → R is continuous because it is a synthesis of two
continuous functions f = g ◦ h, where h : ∇ABC → B(A, r) ∈ K-plane is continuous where B(A, r) is a ball with center A
and radius r and g : B(A, r) ∈ K-plane → R is continuous by deﬁnition. Then f attains its minimum on Ω.
Uniqueness: We consider the vertices A, B , C of the triangle ∇ABC to lie on a convex neighborhood WA , for instance
of A, which belongs to an RK domain (Appendix A.2), in order to prove the uniqueness of the w.F-T point P F , and let P F ,
P ′F be two points in WA such that P F 	= P ′F . By using the same notations that we have used for the proof of the uniqueness
of the w.F-T point on a C2 complete surface, we need to prove that:
(1− t0)lQ + t0l′Q − l◦Q > 0, Q ∈ {A, B,C}, (4.2)
for instance for Q = A. The other inequalities are proved by following the same process. We will apply the following
Lemma 1 which is mentioned and proved in Appendix A.2 which states that:
Let E be a point on the side P F P ′F of the triangle ∇AP F P ′F in an RK domain and let E be a point on the side of the
corresponding comparison triangle ∇APFP ′F in the K-plane such that lPF (E) = lP F (E). Then lA(E) lA(E).
We distinguish two classes of CAT(K) spaces:
(1) K = 0.
Let APFP ′F be a comparison triangle of AP F P ′F in R2 (Fig. 4). From Lemma 1 and (4.2), we obtain:
(1− t0)lA + t0l′A − l◦A  (1− t0)lA + t0l′A − l◦A > 0
because ADEG is a parallelogram.
(2) K 	= 0.
Let APFP ′F be a comparison triangle of AP F P ′F on the two-dimensional hemisphere of radius 1√K (Fig. 2) for K > 0
and in the hyperbolic plane H2 of constant Gaussian curvature K (Fig. 3) for K < 0. From Lemma 1 and (4.2), we obtain:
(1− t0)lA + t0l′A − l◦A  (1− t0)lA + t0l′A − l◦A > 0.
The strict inequality holds because we can consider another comparison triangle in R2 (Fig. 4) which is the same with that
of case (1). 
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Appendix A
We give the following deﬁnitions and results that deal with: (A.1) A C2 complete surface, (A.2) Aleksandrov spaces with
curvature bounded above by a real number K (CAT(K) spaces).
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A.1. We consider the following two cases:
1. If the variable Gaussian curvature K is positive and bounded below by a real positive number K0: K0 < K, then the
geodesic distance of length not greater than π√
K0
is unique and an estimate of the injectivity radius ri = inf (ri(P ): P ∈ M) of
M is given by the inequality (see [12], [11, Theorem 3.5.2]):
ri 
π√
K0
.
2. If the variable Gaussian curvature K is negative and M is simply connected, then M is geodesically complete and
every two points on M can be joined by a unique geodesic distance (see [11, Theorems 3.7.2, 3.7.3, 3.7.4]).
We make use of the following two deﬁnitions: (1) A triangle ∇ABC is called admissible for the vertex A if the geodesic
distance from A to any point on the side BC is not greater than ri(P ), P ∈ M [11, Deﬁnition 3.8.2, p. 186].
(2) A comparison triangle on a K -plane of constant Gaussian curvature K of a triangle ∇ABC on M , denoted by ∇ABC ,
is a triangle whose corresponding sides have equal length: lA(B) = lA(B), lB(C) = lB(C), lA(C) = lA(C) [11, pp. 185, 188].
Remark 2. The existence of the comparison triangle ∇(ABC)K0 , for K0 > 0, is given by the condition that the perimeter
of the triangle is not greater than 2π√
K0
. This remark leads to the result (see [11, Theorem 3.8.3]): if a triangle ∇ABC is
admissible for all of its vertices on a complete convex surface M bounded below by K0, then its angles are not smaller than
the corresponding angles of a comparison triangle ∇(ABC)K0 and if K0 > 0, then the perimeter of ABC is assumed not
greater than 2π√
K0
.
It is known that (see for instance [4]): Let P F ∈ M , (U , φ) a local chart at P F , then the identiﬁcation of T P F M with R2
is made by means of the linear tangent mapping (φ	)P F :
X˜ P F = (φ	)−1P F XP F ,
where X˜ P F A is a tangent vector in T P F (M). For t ∈ [0,1], we consider γP F (t) = γP F (t, X˜ P F A) to be the geodesic from P F to
A with γP F (0, X˜ P F A) = P F , γP F (1, X˜ A) = A and γP F (t, X˜ A) = γP F (1, t X˜ P F A). The exponential mapping expP F (XP F A), deﬁned
by
R
2 ⊃ θ  XP F A → γP F (1, X˜ P F A)
M,
is a diffeomorphism of θ (a neighborhood of zero, where the mapping is deﬁned) onto a neighborhood Ω of P F , where
Ω = expP F (θ). By deﬁnition, expP F (0) = P F and (Ω , exp−1P F ) is a local chart such that every point
Q A = γP F (t, X˜ P F A) = γP F (1, t X˜ P F A) = expP F t XP F A =
{
txi
}
,
Q A ∈ Ω can be joined to P F by a unique geodesic entirely included in Ω, and the corresponding coordinate system is (xi)
(called a normal geodesic coordinate system).
Let γP F (t) = γ iP F (t) be the geodesic from P F to A lying in Ω. We verify that γ iP F (t) = txi , where x1, x2 are the compo-
nents of X˜ P F A (see Fig. 6). The arc length s = ‖ X˜ P F A‖t = ‖XP F A‖t and for t = 1, s = lA . More speciﬁcally, we have:
lA =
√
gij(A)xix j =
√(
x1
)2 + (x2)2 = ‖XP F A‖,
which is the length of the geodesic from P F to A (see Theorem 5.11, Corollary 5.12, pp. 117–119 in [4]). Correspondingly,
we have exactly that
lB = ‖ X˜ P F B‖ = ‖XP F B‖,
lC = ‖ X˜ P F C‖ = ‖XP F C‖,
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γP F (1, X˜ P F B) = B, γP F (1, X˜ P F C ) = C .
The objective function (2.1) takes the form:
f (P F ) = wA‖ X˜ P F A‖ + wB‖ X˜ P F B‖ + wC‖ X˜ P F C‖. (A.1)
A.2. The deﬁnition and properties of an RK(CAT(K) space) domain are given in [2] and [5].
A fundamental property of an RK domain is A.D. Aleksandrov’s K-concavity property which states that:
Let X , Y be points on the sides AB and AC of the triangle ∇ABC in an RK domain and let X ′ ∈ AB, Y ′ ∈ AC be
points on the sides of the corresponding comparison triangle ∇ABC in SK such that AX ′ = AX, AY ′ = AY . Then
lX (Y ) lX ′(Y ′).
A generalization of A.D. Aleksandrov’s K-concavity property (Reshetnyak majorization theorem [9], [5, p. 3]) is:
In an RK domain, for any rectiﬁable closed curve L whose length is less than 2π√K when K > 0, there is a convex
domain in the K-plane that majorizes L.
The following lemma is a speciﬁc case of Reshetnyak’s majorization theorem.
Lemma 1. Let E be a point on the side P F P ′F of the triangle ∇AP F P ′F in an RK domain and let E be a point on the side of the
corresponding comparison triangle ∇APFP ′F in the K-plane such that lPF (E) = lP F (E). Then lA(E) lA(E).
Proof. Let ∇AP F P ′F be a triangle in an RK domain and L = AP F P ′F A be a closed curve whose length is less than 2π√K if
K > 0. By the Reshetnyak majorization theorem (generalization of the K-concavity property of A.D. Aleksandrov) there is a
convex domain in the K-plane such that we can consider a comparison triangle ∇APFP ′F that majorizes L and for any two
points on the boundary of ∇AP F P ′F by taking for instance the two points X and E in the sides AP F , P F P ′F , respectively
and the corresponding points X , A in the sides APF , PFP ′F , respectively, such that lA(X) = lA(X ) and lP F (E) = lPF (E),
we have:
lX (E) lX (E),
and for X = A, we obtain:
lA(E) lA(E). 
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